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The symmetry properties of a proposal to go beyond relativistic quantum field theory based on a 
modification of the commutation relations of fields are identified. Poincare invariance in an auxiliary 
spacetime is found in the Lagrangian version of the path integral formulation. This invariance is 
contrasted with the idea of Doubly (or Deformed) Special Relativity (DSR). This analysis is then 
used to go from the free theory of a complex field to an interacting field theory. 



INTRODUCTION 

The validity of the framework of relativistic quantum field theory (RQFT) at arbitrarily high energies has been 
put into question in the last ten years by different approaches in the search for a quantum theory of gravity In 
this context, the quantum theory of noncanonical 1 fields was proposed in Refs. 0, S| as an extension of RQFT. The 
free theory of noncanonical fields is characterized by a modification of the canonical commutation relations when 
quantizing in a deformed way a classical, relativistic Hamiltonian in the canonical formalism. It is interesting that an 
explicit quantization of the theory can be made in Fock space Q , leading to a theory of free particles with Lorentz 
non-invariant dispersion relations. 

The idea of noncanonical fields has been implemented up to now at the level of a free field theory. The consistency 
of such a field theory when including interaction has never been proved. In fact this is an ambitious program that 
should start by investigating which is the proper criterion one should use to introduce interaction terms in the theory. 
Since the theory breaks Lorentz invariance, we no longer have special relativity as a symmetry principle helping us 
to write interaction terms. 

However, recently other symmetry principles aside from special relativity have been considered. These symmetry 
principles preserve an energy scale together with a velocity scale, and are grouped under the name of Doubly (or 
Deformed) Special Relativity (DSR) [5j. It might be the case that a symmetry principle as or similar to DSR were 
identified in the theory. 

In this paper we explore this problem and try to define a way to go beyond the free level for a theory of noncanonical 
fields. In order to proceed, we will first identify a symmetry principle replacing usual relativistic invariance in the 
theory of a free noncanonical scalar field. Let us just remind the main features of this theory (see Ref. [H for more 
details). It is defined by the Hamiltonian 



H = J d 3 x H(x), 

H{x) = n t (x)n(a;) + V&(x)V$(x) + m 2 &(x)<f>(x), (1) 

together with the commutation relations 

[$(aj),$t(a.')] = 9 5 3 (x-x'), (2a) 
[U(x),U^(x')] = 0, (2b) 
[$(x),ltf{x')] = iS 3 (x-x') = [&(x),IL(x')] , (2c) 

where $ is a complex scalar field and n is the momentum. The previous commutation relations preserve rotational 
and translational invariance in space, U(l) rigid symmetry in field space, locality, and lead to RQFT at low energies 
(« 1/9). 

The Hciscnberg equations are obtained from d t Q(x) = —i[$>(x),H] and d t H(x) = —i[H(x),H] [6j. One then gets 

d 2 $(x) = (V 2 - m 2 )<S>{x) + i[0(V 2 - m 2 )]d t <5>{x). (3) 



1 What we refer in this paper as noncanonical field has been named as noncommutative field in Refs. 0,0]. However, the extension of 
the concept to fermion fields Q made more suitable the more rigorous name of noncanonical field. This name fits also better with the 
path integral formulation used in this paper. 
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Writing $ in momentum space 



d 4 k 



ik-x 



$(fc)e" lfc - 



a solution exists if and only if 



fc 2 =m 2 . 



l + 6»fc 

It is then possible to find a representation of the field in a bosonic Fock space: 



(4) 



(5) 



ri 3 fc 



Ah-x 



E„ 



Eb{E a + Eb) 



a k e 



-iE a t 



E h 



E a (E a + E b 



bl k e iEbt 



(6) 



where a*,, aj,, 6*,, are two kinds of bosonic annihilation and creation operators [a k , a\,, 

and E a = E a (k), Eb = E b (k) are the absolute values of the two solutions for fco of the quadratic Eq. ((5]), 



E a (k) = uj k 
E b (k) = Wfe 



-duj k 



(OuJ k y 



- k+ 

— R o J 



(8) 



with uj k = Vfe 2 + m 2 . The Hamiltonian and momentum operators can be written (neglecting an infinite constant 
term) as 



H = 



d 3 k 
(2^)3 



[E a (k)a k a k + E b {k)b%], 



(9) 



d A k 
(2^)3 



k [a\a k + b k b k ], 



(10) 



showing that this is a theory of free particles of two types, with energies E a (k) and Eb(k), for each momentum k. 

In the 8 — ► limit, E a (k) = Eb(k) = ui k corresponds to the particle-antiparticle degeneration of a relativistic 
theory. The vacuum expectation value of the time ordered product of field operators (propagator) of the free theory 
is given by 



(0\T (*(t, x)&(t', *')) |0> = / e- tt »(*-*'^— 'i rr • (11) 

J (2tt) 4 (fc - -Ba(fe) + «e) (ko +-»&(«)- «ej 

Note that we are breaking the discrete symmetry $ <-> $t with the new symplectic structure. The energies 
appearing in the Hamiltonian Eq. ([9]) arc different functions of momentum and therefore C transformation is no 
longer a symmetry of the theory. P and T are still good discrete symmetries, and therefore CPT is broken. 

According to Ref. [3], Lorentz symmetry must be broken in the theory with 9 ^= 0. In fact, the dispersion relation 
Eq. ([5]) is not invariant under conventional Lorentz transformations between inertial observers, though it still satisfies 
rotational symmetry. In the following section we will try to find out whether some kind of symmetry replacing Lorentz 
invariance can still be defined for the noncanonical theory, which would be helpful in the construction of an interacting 
theory 
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SYMMETRIES OF THE THEORY OF NONCANONICAL FIELDS 



The symmetries of a quantum field theory help us to understand its spectrum. They give information about 
the relation between the energy and momentum of the excitations over the ground state. In a free field theory, 
transformations leaving the dispersion relation invariant are transformations which connect solutions of the quantum 
equation of motion among themselves. We will refer to them as symmetries of the dispersion relation. 

In RQFT the dispersion relation is Poincare invariant. However, the dispersion relation Eq. is not invariant 
under conventional Lorentz transformations. We start by considering whether a deformed transformation could be 
defined so as to keep this dispersion relation invariant |8[. A positive answer to this question is the central issue in 
DSR theories. It is standard in DSR to define auxiliary variables 0, [lol ] 



K 



s/1 + Vk ' 



k = k 



so that in terms of them the dispersion relation gets the form 



K n — k, = m 



(12) 



(13) 



Note that the previous relation between physical and auxiliary momentum is only possible for fco > —1/9. But, 
looking at Eq. ([5]), we can see that, for all the solutions of the equation motion, fco > —1/9. Then we will consider 



transformations on functions of fc M restricted to this domain. 



The auxiliary variables satisfy the usual, Lorentz invariant, dispersion relation. Wc can then define the generators 
of boosts as the usual expressions 



Ni = i(n a d Kl + Kid Ko ), 



so that in terms of the original variables 



Ni = i 



fco 



--d. 



;i + gfc ) 3/2 

1 + 9k /2 



kid ko 



(14) 



(15) 



which leaves Eq. ([5]) invariant by construction. 

The algebra of the generators of boosts is not modified with respect to the usual Lorentz algebra, as one can easily 
check by writing the generators in terms of the auxiliary variables, Eq. ([14]) . This is not the case, however, of the 
algebra of boost generators with the four-momentum, which is different from the usual Poincare algebra, and reduces 
to it in the 9^0 limit, 



[Ni,ko 



ik. 



(1 + flfcp) 3 / 2 
1 + 9k /2 



[N i> k j ]=iS i: 



fco 



VI + 0k o 



(16) 



Poincare algebra has been, therefore, deformed to a new closed, non-linear, algebra. 

Our theory, however, is a quantum theory of fields. This means that, once we have identified a principle of relativity 
for the invariance of the dispersion relation of particles, it is necessary to find the corresponding representation of the 
symmetry in the Fock space. 

Every vector in the Fock space can be written as a sum of tensor products of vectors belonging to the single-particle 
Hilbcrt space. In our case we have two kinds of single-particle spaces, that is, those corresponding to particles of types 
a and b, respectively. We will define a representation of Lorentz transformations in each of these spaces by saying 
how they act on a basis of vectors. The basis elements are the states with a given momentum k 



\k) a = 



\k) b = V2^b{\0), 



(17) 



for the corresponding spaces of particles a and b. We are using the same normalization factors of the relativistic 
theory; in fact the spatial components of the auxiliary four-momentum variables Eq. (|12[) transforming linearly under 
Lorentz transformations are just the components of the momentum k. 

A Lorentz transformation A is represented in the Fock space by a unitary operator U\, according to 



\k') a = U A \k) a ; \k') b = U A \k) b 



(18) 
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where k' is the momentum of the state which results of applying a standard Lorentz transformation on a state with 
momentum k and energy oj k in special relativity. Then Lorentz transformations in the Fock space are just those of 
RQFT 

UAa{u{ = J—al„ 




UAb{ul = , 

Any state in the Fock space can be written as a linear combination of states which result from acting with a product 
of aJ, 6+ operators on the vacuum. Then Eqs. p9H20p define the transformation of any state in the Fock space. Once 
we have identified a unitary representation of the Lorentz transformations in the Fock space we can work out the 
transformations of the Hamiltonian Eq. @ and the momentum operator Eq. (fTI 

Under Lorentz transformations, 



UaHu1 = J w? 



E a {k)a{,a k , + E b (k)blb k ] , (21) 



/d 3 k' r i 
j^k [ala kl +blb k ,\. (22) 

There is no way to write the transformed operators as a function of the Hamiltonian and the momentum operator 
so that there is no closed deformed Poincare algebra including the Hamiltonian and the momentum as generators. 
This can be seen from the following argument. The effect of the transformation of the Hamiltonian on the Fock space 
representation is to replace the coefficients E a (k'), Ef,(k') of a\,,a k i, b\,,b k > by E a (k), Eb(k). Similarly the effect on 
the momentum operator is to replace the coefficient k' of a\,,a k i, b^bw by k. Although there is a nonlinear relation 
between the coefficients in the original and transformed operators, the linear dependence on a^a, b^b prevents us to 
identify a nonlinear closed algebra. 

However, if we project on the one particle sector the transformation laws of the Hamiltonian and the momentum 
operator we recover the nonlinear deformation of the Poincare algebra Eq. (|16[) . The energy- momentum relations for 
the particles of the free noncanonical theory can then be understood as a consequence of nonlinear deformations of 
the Poincare algebra depending on the noncommutativity length scale 9. 

The role of the ultraviolet (UV) parameter 6 , as well as the deformation of relativistic invariance, can be compared 
with the typical situation in DSR theories. Eq. ([5]) shows that when |fc| — * oo , then E^ — ► O^ 1 . This and the fact 
that Eb(k) is a monotonically increasing function means that 9~ l is the supremum of the energy of particle 6. Since 
Eq. ([5]) is invariant under the deformed boosts generated by Ni in Eq. (|15[) , every inertial observer will agree on this 
supreme value for Ej,. 

This fact gives a direct physical meaning to the parameter 9 in the theory of noncanonical fields, in analogy to 
the similar role played by the Planck mass, Mp, in DSR theories. However, there is not an observer-independent 
energy scale associated with particle a. Therefore, we have a DSR 3 (i.e, an observer-independent energy cutoff) 
realization in the one-'particle V sector and a smoothly modified special relativity (i.e. without any cutoff in energy 



or momentum) in the one-'particle a' sector The same conclusions can be obtained from the expression for the 
auxiliary variables. One has a one to one mapping Eq. (|12[) between — oo < k < oo and —1/9 < k < oo. 

There is no extension of the deformed Poincare symmetry of the single-particle sector to the multiparticle sectors 
of the Fock space. In this sense we can say that although we can find a parallelism between the introduction of an 
UV scale through noncommutativity of field operators and the attempts to make the relativity principle compatible 
with a new invariant energy scale (DSR) in the one particle sector, the quantum theory of noncanonical fields is not 
a quantum field theory realization of DSR. 

Another way to arrive to the same conclusion is by contrasting the trivial additive composition law of energy and 
momentum in the free theory of noncanonical fields with the necessity for considering a nontrivial composition law in 
DSR, owing to the nonlinear representation in momentum space of Lorentz transformations. 



PATH INTEGRAL FORMULATION OF THE FREE THEORY 



In order to apply our understanding from the point of view of symmetries of the free noncanonical field theory to 
the introduction of interactions it is convenient to use the path integral formulation of field theory. In this section 
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we translate the standard derivation [12j | of the path integral approach of a quantum theory to the free noncanonical 
field theory, which reduces to finding a representation of the scalar propagator 



(0\T(<f>(x A )&(x B )) |0) 

as a path integral. 

First we introduce the basis of eigenstates |7r(x);t) 

II(i,a;)|7r(as);i) = 7r(as)|7r(a;);i) 

where II(i, x) are the Heisenberg-picture operators 

R(t,x) = e lHt Ii{x)e- lHt . 

This allows to express the scalar propagator as 



Jdn(x) 



W{x);t f ) (ir'(x);tf\T($(x A )&(x B )) \tt{x);U) (ir(x);ti 



(23) 



(24) 



(25) 



(26) 



Owing to the noncommutativity of fields there are no eigenstates of the complex scalar field operator. But it is 
possible to introduce the linear combinations 



and the basis of eigenstates \cj> c (x);t) 



$ c (t,x) = $(t,x)-—Il(t,x) 



^ c (t,x)\<j) c (x);t) = (j) c {x)\cj) c {x)]t). 



(27) 



(28) 



Note that $ c and II form a canonical conjugate pair of variables. 

Then one can repeat step by step the standard derivation of the path integral formulation fl2| . First one can use 
the completeness conditions 



]Jdn(x) 

X 

~[d(f) c (x) 



|7r(x);t)<7r(x);t| = 1 
\<f> e {x)]t){<t> e (xy,t\ = 1 



(29) 
(30) 



for all t with ij < t < tf to write the matrix elements of the time ordered product of two field operators between 
eigenstates of TL(ti, x) and H(tf, x) as a path integral 2 



(n'{x);t f \T(^(xA)^(x B )) \ir(x);U) oc 



7r(ti ,x)— 7r(x) 



T dir(t, x) 



I .X 



X 



4>(x a )4 i *(xb) 



exp 



if 



-ij dti^J d A x \ 4>{t,x)d t -K*{t,x) - —ir(t,x)d t ir*(t, x) + c.c. ] + H[ir(t), <j>(t)] 



(31) 



where we have used the new integration variable 4>{x) = 4>c(x) + ijTr(x) instead of <fi c {x) [13| . 

Next one can calculate, from the Fock space representation of the free noncanonical theory discussed in the Intro- 
duction section, the projection of the vacuum on the eigenstates \tt(x)) 



-±Jd 3 yd 3 zA(y,z)7r*(y)ir(z)y 



(32) 



2 The arbitrariness in the normalization of the integration measure leaves an undetermined proportionality factor in all equations involving 
a path integral. 
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where N is a normalization constant and 



A („,z) = / Si, ( E «W + E »W ) e mv- 



(2tt)s 



Using the relation 



/(oo) + /(-oo)= lime/ dtf(t) e - e ^ 



one has 



hmjOlTr'^);*/) (7r(aj);ti|0) = |7V| 2 exp ^-i e ^ d^d 3 * ^ dtA(y, z)ir* (t, y)ir(t, z)t 



(33) 



(34) 



(35) 



The hnal result for the propagator is 



\T($(x A )&{x B )) |0) cx 



J<for(f, 



X 



/ .a; 



()>{xa)4>*{xb) 



exp 



dt<j / cfo; ( 0(t,x)9 t 7T*(i,x) - — w(t,x)d t TT*(t,x) + c.c. J + #[7r(i), <£(t)] 



-iie J d 3 yd 3 zA(y, z)tt* {t,y)ir(t, z)e 



(36) 



In order to get the Lagrangian 3 version of the path integral formulation one has to integrate over ir. Since the 
argument of the exponential is quadratic in 7r the integral will be proportional to the integrand evaluated at the 
stationary point of its argument. Then one has 



|T(*(x A )*t( Xfl )) | ) cx 



JdcP(t,x) 



c/>(x A )<t>*(x B )e iS M 



(37) 



with 4 



S[(f>] = / dtd 3 x<t>*(t,x) 



or 



1 + iOd t - ie 



V 2 - m 2 



(j>{t,x) 



(38) 



Because we are expressing the action as a functional of noncanonical variables, inverses of differential operators appear 
in the action. A more explicit way of writing the action is 



S[<j)} = dtdt' d 3 xcj)*(t,x)[-D(t-t')d 2 , +5(t-t')(V 2 -m 2 )](t)(t',x), 



(39) 



where 



D(t-t') 



du e -Mt-t') 
2tt (1 + 0w - ie) : 



(40) 



in this expression, the invariance under time translations is manifest. The invariance under time translations is in 
agreement with the conservation of energy that can be deduced from the explicit time independence of the Hamiltonian 
([1]). At this point we can introduce the generating functional of Green functions 



Z\j] cx 



ld<f>(t,x) 



JS[<f>]+i J d 4 x U*(x)<j,(x)+j(x)4>* (x)) 



(41) 



3 Strictly speaking we should refer to this as a generalized Lagrangian formulation since we are not using canonical field variables. 

4 We have assumed field configurations such that total derivatives in the generalized Lagrangian density can be ignored. 
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where once more the argument in the exponential is quadratic in <f>. Then Z[j] is an exponential with an argument 
quadratic in j. From this result one can calculate the two-point Green function from the generating functional Z[j] 



G [2) {t A ,x A - : t B ,x B ) = - 



1 



s 2 m 



z [j] Sj*(t A ,x A )Sj(t B ,x B ) 
d A k 



(27t)< 



ik (tA— t B )+ik(xA-x B ) 



i(l + 6k ) 



(fc - E a {k) + ie) (fc + E b {k) - ie) 



(42) 



and one can check that it coincides with the result for the vacuum expectation value of the time ordered product of 
field operators in the operator formalism Eq. (fTT|) . 

The generating functional Z[j] in Eq. (I41|) provides a formalism for the free noncanonical theory as an integral in 
a complex field configuration space. 



Map to the relativistic free field theory 

The effect of the noncommutativity of fields in the path integral formulation can be seen through the ^-dependence 
of the action Eq. (f38|) . If we introduce 



(f>[k ,x) = / dte lkot <j)(t,x) 



then the action can be written as 



I- 2 



1 + 8k a - ie 

At this point it is convenient to split the integration on fco into two pieces 

S[tf>] = S e [ct> e ] + S e [4> e ] 

with 



(j)(k ,x) 



4> e {t,x) 

4> e {t,x) 



dk e-' kot <j){ko,x), 



-1/9 
1/0 



Z7T 



In the first piece (ko > — 1/0) one can make a change of variables 

fco 

v 7 ! + 0k 



kq = 



and introduce a new field variable 



t> r {K ,Xj 
4>r(T,x) 



dko 



duo 



(j)(k ,x) 



dtiQ 



4> r {K ,x), 



which leads to 



where S r is the action of the relativistic theory of the free complex scalar field 



/oc 
drd 3 x #(t, x) [-d 2 T + V 2 - m 2 + ie] r (r, x). 
-OO 



(43) 
(44) 

(45) 

(46) 
(47) 

(48) 

(49) 
(50) 

(51) 

(52) 
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The relation Eq. (|5Tj) is the translation to the path integral formulation of the possibility to find a nonlinear change 
of variables which brings the dispersion relation of the noncanonical theory into the relativistic dispersion relation. 
This nonlinear change of variables was the starting point to identify a deformed Poincare invariance in the one particle 
sectors including the Hamiltonian as one of the generators. 

Alternatively, it is possible to identify a Poincare group of symmetries of the action (i.e.: a group of transformations 
which leave the action invariant). To see this one has to consider a transformation on the complex field leaving invariant 
the component <fi e and translating the Poincare transformation of the relativistic complex scalar field </v to the related 
component <fi e . The action S[(j>] is obviously invariant under such transformations because it is a sum of a contribution 
S e [cj) e ], which is invariant due to the relation Eq. (|5ip and the Poincare invariance of the relativistic action, and a 
contribution S e [4> 8 ] depending only on the field component which is invariant under the transformation. One of the 
generators of these transformations corresponds to the translation in the time argument r of the variable 4> r , which 
has nothing to do with a translation in the time argument t of the field <fi generated by the Hamiltonian of the free 
noncanonical field theory. The effect of the group of symmetries of the action on the variable 4> r is 

<t>'r ( r (A,a) . x {a,u) ) = <t>r(T,x), (53) 

where {jW a \ > x \a a ) ) * s ^ ne ordinary Poincare transformation of the Minkowskian four vector (t,x). Therefore the 
spacetime realization of the identified Poincare group of symmetries of the action requires the use of the auxiliary 
spacetime formed by the elements {(r, x)}. We are identifying a Poincare invariance of the path integral formulation 
by considering a non-conventional representation of Poincare transformations on the space of configurations of the 
noncanonical field variables. It may appear bizarre to identify a Poincare symmetry which is not a symmetry of the 
physical spacetime. In order to interpret this symmetry as a spacetime symmetry an auxiliary time variable r must 
be introduced. This group of symmetries also leaves the equal-time commutation relations (|2|) invariant. If these 
transformations could be interpreted as changes of reference frame, then the commutation relations would not select 
a preferred reference frame. This mathematical trick will prove to be useful in order to study the renormalization of 
the theory. 

At the level of the generating functional of Green functions Z[j] one can introduce a similar decomposition of the 
sources 

j(t,x)=j e (t,x)+j e (t,x) (54) 

with 

] e (t,x) = j~ Ve ^e-^j^x), (55) 
^e-^j(k 0l x). (56) 

One gets 

Z\j] = Z r \j r ] Z e [j% (57) 
where Z r [j r ] is the generating functional of Green functions of the relativistic free theory of a complex field with 

j r {r,x) = J dtK e (T,t)j e {t,x) (58) 

and 



dK o o i(tk -r K0 ) l dk ° 



with 



Ke{r,t) = e *l**o-™oJ ,p (59) 

, 2ir V duo 



Eq. (JSHJ) gives the explicit relation between the physical time t and the auxiliary time r through the correspondence 
Eq. (|58p between functions defined in the physical spacetime and functions defined in the auxiliary spacetime. 
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Then one has 

The splitting of the generating functional in Eq. (|57|) just corresponds at the level of the propagator to the separation 
of the contributions of modes with fc > — 1/9 and those with fc < —1/6, 



dt' A dt' B 



dt' A dt' B / — - 

J -1/6 2lT 

(ta,xa;t b ,x b ) 

where 

G e (t A ,x A ;t B ,x B ) = - 



dk A0 dk B0 

1 

2tt 



ik A0 {tA-t' A ) e -ik B0 {t B -f B ) / dTA dr B K;(T A ,t' A )K e (T B ,t' B ) 



-1/9 



dk A0 dk B0 e i kAo(tA -t' A ) e -ik B oit B -t' B ) G e {t ^ XA . t ,^ Xb) ; (62) 

Z7T Z7T 



S 2 Z e [j] 



Z e [j] Sj e *{t A ,x A )Sj e (t B ,x B ) 
- 1/e dk Q f d 3 k 



2tt 



(2tt) 2 



-iko{t A — t B )+ik(x A — xb) 



i (1 + Oho) 



(k - E a (k)) {k + E b (k)) 



(63) 



The expression for the propagator Eq. (|62j) is just the result of considering a second derivative of the generating 
functional Z[j] with respect to the sources j{t,x) together with the decomposition of the source as a sum of two 
independent components j e , j e . Note that Eq. (|G3[) is just the free propagator Eq. (jl2")l restricted to modes with 
fco < —1/0 where the it factors can be omitted owing to the factor 1 + 9ko in the numerator. 



INTERACTION 



In order to go beyond the free theory of a complex noncanonical field including interactions, a first attempt could 
be based on the addition of a term proportional to [$t(;c)<I>(:E)] 2 in the Hamiltonian density Eq. (UJ. If one goes to the 
path integral formulation following the same steps of the free theory one finds that the relation with the relativistic 
theory found at the level of the free theory is lost. A consistent generalization of the standard perturbative analysis of 
the relativistic theory is problematic. The Poincare invariance of the free theory is lost and, lacking a characterization 
in terms of symmetries of the interacting theory, renormalizability will also bo lost. 

In a second attempt to go beyond the free theory one could take the Lagrangian version of the path integral 
formulation of the free noncanonical free theory Eq. (|38|) as a starting point, and then add directly at this level a 
term proportional to (4>*(j)) 2 . In this case too one looses the relation with the relativistic theory found at the level of 
the free theory. This is due to the fact that a decomposition of the field into modes with ko > —1/9 and fco < —1/9 
does not lead in this case to a splitting of the action (and the generating functional) because the non-quadratic terms 
couple the two types of modes. Then the Poincare invariance of the free theory is lost. 

In order to consider a theory with interactions maintaining the Poincare invariance of the free theory it is necessary 
to keep the splitting of the action Eq. P5|) also in the interacting theory. The Poincare invariance restricts the possible 
nonquadratic terms in the first contribution to the action through Eq. (|51[) . but not in the second one. A simple 
way to achieve a perturbatively renormalizable interacting theory is to introduce the interaction only through a term 
proportional to (<p*(j) r ) 2 in S r . One has then a splitting at the level of the generating functional of Green functions, a 
separation of modes with fco > —1/9 and fco < —1/9, and a simple relation of the Green functions of the noncanonical 
field theory and those of the relativistic theory. Then the multiplicative renormalizability of the relativistic field 
theory can be translated to the noncanonical theory. 

In fact the relation between the propagator of the noncanonical field theory and the relativistic propagator Eq. (|6"2"1) 
of the free theory applies also in the interacting theory All the contributions from modes with fco < —1/9 can be 
expressed in terms of the function G . The contribution from modes with fco > —1/9 to a given n-point Green function 
of the quantum noncanonical field theory, G^ n \ can be expressed in terms of the m-point Green functions Gr^ of 
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the relativistic theory with interaction (with m < n). In the case of the four-point Green function one has 

,XA;tB,x B ;tc,x c ;t D ,x D ) = 

[ dt' A dt' B dt' c dt' D [ dk A0 dk B0 dkcodk D Q e ik Ao{t A -t' A ) e ik BO {t B -t' B ) e -ik oa {ta-t' a ) e -ik Da {t D -t' D ) 
J J-i/e 

J dT A dT B dT C dT D Kg(T A ,t' A )Kg(T B , t' B )K e (T C , t' c )K e (T D ,t' D ) (t a , x a ; t b ,x b ; t c , x c ; t d ,x d ) 
+ I dt' A dt' B dt' c dt' D 



1/6 

dk A0 dk C0 I dk m dk D0 e ifeA °( u - t A) e tt Bo(*«-*B)e-* fe oo(*o-^) e -ifc D o(ti3-t' D ) 



1/6 



J dT A dr c Kg(T A ,t' A )Kg(T C ,t' c ) G ( r ^(T A ,x A ;T C ,x c )G d (t' B ,x B ;t' D ,x D ) + 3 permutations 

dt' A dt' B dt' c dt' D \ dk A0 dk B0 dkcodk DO e ik MtA-tU) e ik BO {t B -t^ B ) e -ika {ta-t' ) e -ik D o(to-t' D ) 



[G (t' A , x B \ t' c , x D)G e (t' B , x B ; t' D , x d) + permutation] . (64) 

Noticeably for the fully connected Green functions one gets a simpler expression with just the first term on the right 
hand side of Eq. (fM)) . and modes with fco < — 1/0 are irrelevant. 

All these relations are a consequence of the correspondence between actions Eq. (|5Tj) and the fact that Z e is an 
exponential with an argument which is quadratic in the sources (we do not consider non-quadratic terms in the 
field components with fco < —1/0). The inclusion of interaction terms compatible with renormalizability in the S e 
contribution to the action would require a generalization of the standard arguments (power counting, symmetries) to 
this contribution. 

Since we have introduced the interaction directly at the level of the Lagrangian version of the path integral for- 
mulation there is no clear way to identify the Hamiltonian of the interacting theory and there is no clear physical 
interpretation of the theory defined by the Green functions G^ (xi, X2, x n ). In particular it is not possible to relate 
these objects to expectation values of time ordered products of field operators in the interacting theory. Therefore, it 
is not clear how to link the Green functions to the amplitude of scattering processes. 

SUMMARY AND DISCUSSION 

The algebraic properties of the solution of the free theory of a noncanonical complex field have been identified. It 
is a theory of free particles of two types each one with a different energy-momentum relation. These relations can be 
seen as a consequence of nonlinear deformations of the Poincare algebra in the one particle sectors of the theory. 

The derivation of the path integral formulation of quantum field theory can be translated to the case of a free 
noncanonical field theory and the generalized Lagrangian version of the path integral formulation can be identified. A 
partial mapping to the relativistic theory makes manifest that the main effect of the noncommutativity is a modification 
of the time variable identified as the argument of the field variable in the path integral formulation. We have identified 
a Poincare invariance of the theory in this formulation. Translations in the (physical) time variable t are symmetry 
transformations of the free theory which are not included in the Poincare group of symmetries associated to the 
mapping to the relativistic theory. 

The requirement to keep this mapping with the relativistic theory (and the associated Poincare invariance) to a 
theory with interaction leads to a nontrivial way of introducing interactions in the theory of a noncanonical complex 
field. A general expression for the Green functions in terms of their relativistic counterparts is given, which defines 
a deformation of the interacting relativistic theory of a complex field parametrized by the noncommutativity length 
scale 0. 

The non-quadratic terms in the action involve products of fields at different times (nonlocal interactions) . It is not 
clear whether it is possible to find an appropriate set of additional variables allowing to prove the equivalence of the 
path integral formulation with a canonical formalism at the level of the interacting theory. For this reason we can not 
say at this moment whether the path integral formulation yields a unitary S-matrix and the physical interpretation 
of the theory defined by the noncanonical deformation of the relativistic Green functions remains an open problem. 

This difficulty may be due to the fact that an interpretation as a theory of particles is a property of RQFT 
that may not necessarily be present in every quantum field theory. In particular, this seems to be the case of the 



quantum noncanonical field theory. It is interesting that different arguments [141 ] suggest that the absence of a direct 
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interpretation in terms of particles might also be a characteristics of an extension of RQFT trying to incorporate 
gravity effects. At this moment however we do not have a clue of how noncanonical commutation relations could arise 
as a trace of the gravitational interaction. 

Many of the arguments that we have used in the quantum theory of a noncanonical complex field can be applied 
to other attempts to go beyond relativistic quantum field theory. A discussion along these lines of the quantum field 
theory formulation of DSR-like theories and its relation with canonical implementations of DSR in position space [lj| 
will be presented elsewhere fli| . 
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